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This talk is a glimpse into this paper :
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Motivations



Two models for the homotopy theory of spaces :

simplicial Sets
y

Topological spaces
(

Algebraically nice µ Geometrically natural

a middle ground



The main theorem :



O-minimality & Tameness



structures :
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. The image or pre image of a definable set under

a definable function is definable .
• The composition of definable functions is definable .
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Signature :

"
definability is closed under FOL



O -minimal structures :

-

I
thinkof it as TR

(with the exception of OT later)



Examples : Non - examples :

* (IR , s , -1 , . ) * (E, c , t . " )

* CAT
,
c
,
-1
.

. )
* (Q

, s , -1 .
. )

* ( IR , C , t . . , sint ))* Rsa
t

structure formed by semialgebraic sets-
↳ those that belong to the boolean algebra

generated by sets of the form#nmm Rn
GER" If④ 70 } with f- c- REX. . . -X ]

no quantifiers



Example :

Rsa is indeed o - minimal Tarski- Seidenberg theorem
① BA quantifier- elimination

④ Rx X & xxR
for real closed fields

③ { ex . . . . .
.tn/xi-xn }
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⑤ Ax, y) lxcy } ES,

⑥ finite union of points & intervals for S ,
↳ polynomials in one variable have finitely

many roots (except functions like fkkxo- l )



Some tameness properties :

* Monotonicity Theorem

* Uniform Finiteness

* Cell Decomposition Theorem
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Continuity :

closure :

* homeomorphism , embedding ,
etc

.
also apply unchanged .



But we need to modify the definitions for

* connectedness

* compactness

e.g .
UT is not Dedekind complete



Categories ① . D
,
IP



Morphisms in ① :

can we

simply require
8,41Mt - ftp.t ?



Examples :

* S E S
'

f
BRI =X

(R . s ) ( R
,
s
'

)

* RsR
'

z : Rsa → R
'

sa

s .-L
. Io = ETI R

'

where Et DR = X
.

T
well- defined as the theory of real closed field
is model- complete
↳
every embedding is an elementary embedding



The initial object :

4
I is the initial semialgebraic structure1-
real closed field is the smallest possible structure



I
v

a ring
homomorphism
B (o ) = o

§ (i )
= I

Note : In cases like I c IR
,
{ (x. y )EIR

' / oexeyet}
contains points not of the form ( Bk) , Bly) )

.

So in general ,

BK ) * {BA : xEX 3
.

But when X is finite ,
this holds

.
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I

suppose XE R , we can introduce
a new relation symbol Q .

Let t : = Fx
.
Qx

.

interpreted as × EX
.



A property is fo - definable

I
invariant under morphisms



the transfer principle

⇒



Categories Dl a IP

The property of being definably compact is invariant under

definable homeomorphism
⇒

IP is a replete subcategory of ID



IO as a functor



Limits & Colin its

D K P

finite limits ✓

Finite olimits ~



Towards the model category

( an informal intro )



Homotopy
,
Weak equivalences & Hoflop)

. a. I ÷: I
Holy )



Model categories

A model category is a category equipped with a

model structure ( W
, C , F ) .

weak equivalent I \, §TgI§
cefibrations

fibrations

t t
build cylinder objects like build path objects like

XXI YZ



Quillen adjunctions & Quillen equivalences

I- l : s Set ⇐ Top : Sing

It

Hols Set) = Ho ( Tep)



Towards the model category

I- l : s set I ? : Sing

if we Psh I → Shut)
free correct

aocempletion glueing
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