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MODEL CATEGORIES FOR O-MINIMAL GEOMETRY

REID BARTON AND JOHAN COMMELIN

AssTrRACT. We introduce a model category of spaces based on the
definable sets of an o-minimal expansion of a real closed field. As a
model category, it resembles the category of topological spaces, but its
underlying category is a coherent topos. We will show in future work
that its cofibrant objects are precisely the “weak polytopes” of Knebusch.
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The waia Theorewm

1.1. Theorem (Theorems 11.10 and 11.30). Fiz an o-minimal structure and
let P denote the category of closed and bounded definable sets and continuous
definable functions, equipped with the Grothendieck topology generated by finite
jointly surjective families. Then the geometric realization—Sing adjunction

|—| : sSet = Shv(PP) : Sing

induces a model category structure on Shv(P) in which every object is fibrant.
Furthermore, this adjunction becomes a Quillen equivalence.
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2.1. Definition ([18, 1.2.1]). A structure on a set R is a collection & =

(Sn)nen that satisfies the following properties: e (¥ . Xy )
(i) Sp is a boolean subalgebra of the subsets of R™. \(}
(%) If X € Sp, then R x X and X X R are in Sp41. 3"(6\4’; CPG\’, Xn—h)
(%3¢) The set {(z1,...,%,) |21 =25} is in S,. '

() If X € S41, and 7 : R**! — R™ is the projection onto the first n
coordinates, then 7(X) is in S,,.

A set X C R" is called S-definable or definable in S if X € §,,. A function
f: X —>Yfor X CR™andY C R"is S-definable if its graph is S-definable.
Usually the structure S will be clear from the context, and we simply speak
of definable sets and functions.

 The imobe or preim o definable set under
a.?lc{;ir\abl& f:?f‘b:—g\ 1§ de—fimble .
¢ Tha wmtb(‘.*,\'on "‘_F' defl‘y\o\bl& ’F"‘"""‘/CDV\S 5 o(ef-‘vw\LIe.
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2.4. Remark. Let S be a structure on R. Consider the signature Lg with, for
each n > 0, one n-ary relation symbol corresponding to each definable subset

X C R", and one n-ary function symbol corresponding to each definable
function f: R® — R. The set R becomes a structure for Ls (in the model-

theoretic sense) in a tautological way. Then, for any first-order formula ¢ in
n free variables over the signature Lg, the subset of R™ that ¢ cuts out is
again definable.

defianbility is cloced under FOL
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2.6. Definition (|18, 1.3.2]). Let R be a set equipped with a dense linear
order < without endpoints, and let S = (Sy)nen be a structure on R. Then
S is o-minimal if it satisfies the following two properties:

(i) The set {(z,y) |z <y} is in S.

(7)) S1 consists exactly of those sets that are finite unions of points and

(possibly unbounded) open intervals in R' = R.

In this paper we assume, in addition to these basic axioms, that R is an
ordered ring and that the sets

{(ZB,y,Z) | T+y= Z} and {(a:,y,z) | r-y= Z}
are definable. In this case R must be a real closed field with its induced
ordering [18, Proposition 1.4.6]. We say that S/extends the real closed field R.

Mk of °t ag P
(with the exteption of @ Jotar)
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(_1.2) MoNOTONICITY THEOREM. Let f:(a,b)— R be a definable function on the
nierval (a,b). Then there are points 6y < --- < ay in (a,b) such that on each
subinteryal (aj,a,-ﬂ), with ag = @, axy1 = b, the function is either constant, or
strictly monotone and continuous.




(2.13) LEMMA (UNIFORM FINITENESS PROPERTY). Suppose the definable subset
Y of R™*! is finite over R™. Then'Y is uniformly finite over R™.

\(QRMN S fc‘n:‘LQ "f' 'For eoe h erV“ :-,NE//V ('{\ /Yx'l< N
the f'LM YX rr fearte ‘F‘"" "M ¢ Q‘M
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(2.11) CELL DECOMPOSITION THEOREM,

(I.) Given any definable sets A,,...,Ax C R™ there is a decomposition of R™
partitioning each of Ay, ..., Ag.

(Ilm) For each definable function f:A— R, A C R™, there is a decomposition
D of R™ partitioning A such that the restriction f|B:B — R to each cell
B € D with B C A is continuous.




Continu ""fj ;

2.12. Lemma. Let f: X — Y be a definable function between definable sets
X CR™ andY C R". Then f is continuous if and only if f~1(U) is open
in X for every definable open subset U of Y. Similarly, we can also test
continuity using definable closed subsets.

LloSMrET

2.13. Example. If X C R" is definable then its closure X is also definable,
using Remark 2.4, since

WYiyeeeyYn) €EX <=
Ve > 0,3(z1,...,2n) € X, |1 — 01| <A Alzn —yn| < e

*. L\OW\eomwrh{w\ ,emLE"-‘ti:S ,e'ec‘ “,so ﬂ/f/] W‘GA“W
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2.15. Definition (|18, Definition 1.3.5]). A definable set is definably connected
if it is nonempty and cannot be written as the disjoint union of two nonempty

definable open subsets.
x (o Mr G.Ctv\cg I3

2.16. Definition. A subset X C R"™ is called bounded if there exists an
r € R such that X C [—r,r]". It is definably compact if it is definable, closed
and bounded. (There is also an important relative version of this notion,

properness, which we discuss in Section 5.)

€9. Q % not Dedelind LOMfletC
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3.1. Definition. Let R and R’ be two real closed fields, and let S and S’ be
o-minimal structures expanding R and R’ respectively. A morphism of o-
minimal structures from S to &' is a pair (¢, @) consisting of a homomorphism
of ordered rings ¢ : R — R’ and a collection of functions ® = (®,, : S, —
S/ )nen satisfying the following conditions:

(i) The functions ®,, commute with the operations under which the
definable sets of a structure are closed as described in Definition 2.1}
Namely, the following equations hold whenever they make sense:

?,(2) =2,
D,(XUY)=93,(X)Ud,(Y),
&, (R" — X) = R™ — ®,,(X),
Bpi1(R % X) = R x ®n(X),
®,41(X x R) = ®,(X) x R,
S, ({(z1,...,zp) ER" |1 =2, }) ={(21,...,2,) ER" |21 =2, },
P (mr(X)) = TR (Pn41(X))

where in the last equation, 7 : R**! — R" and 7p : R™t1 — R™™

. \ . _\ are the projections onto the first n coordinates.
Smp Y FE}Iw fre

i‘({ipk) = {ia‘}

(#) For every r € R, we have ®1({r}) = {¢(r)}.

(i) ®2({(z,y) € R* |z <y})={(z,y) e R* |z <y}.

(iv) Likewise, @3 takes the graphs of addition and multiplication on R to
? the graphs of the corresponding operations on R'.
Because of condition (4i), the homomorphism ¢ is completely determined
by ®;. For this reason, we will abuse notation and also write ® for this
induced function R — R’, as well as for the entire morphism of o-minimal
structures. We also suppress the subscripts on the individual operations ®,,.
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3.3. Lemma. The o-minimal _structure Qs of semialgebraic sets over the
algebraic real numbers 1 lim’tz’al in the category of o-minimal structures with
morphisms as defined iR Definition 3.1.
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3.4. Example. Let ® : (R,S) — (R/,S’) be any morphism of o-minimal
structures. Then

O({(z,y) eR*|0<z<y<1})={(z,9) e R?|0<z<y<1}

o [inYy b\qw»"\’\"*‘"‘

206) =0
g (=1
Note: In coses Libe & c IR, -((K,j)élIZ1 0¢ xsjsl}
Lonkping Points aat of the form (Bk), 8(9) | So in genena(,
BX) # {86 xeX]
Bt Clhew X is fintte , this holds.




3.5. Fix r, n1, ..., n, > 0 and let P be a predicate of r definable sets
X1 € Rm, ..., X, C R™ in any o-minimal structure (R,S) with the
following property: there exists a single sentence v in the language of an
ordered ring augmented by relation symbols of arity nq, ..., n,, such that
P(Xi,...,X,) holds if and only if ¢ is valid in R when the ith relation
symbol is interpreted as X; C R™. For example,

e with » = 1, P(X) might be the predicate “X is nonempty” or the
predicate “X C R™ is closed”; ——

/

Smyfose XQR , W& (omn r'nfroalm,e
e new relation S‘Uv\-l;a[ a
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We refer to such predicates as first-order properties.

Let @ : (R,S) — (R/,S’) be a morphism of o-minimal structures, and let
X1 CR™M, ..., X, C R™ be S-definable sets. Then we have the following
“transfer principle”™

(x) For any first-order property P, P(®(X;),...,®(X,)) holds if and
only if P(Xy,...,X,) does.

A ‘)mfef(’j (§ F’O— o‘,e{\'v\o-suQ,
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'9 3.6. Lemma. Let @ : (R,S) — (R',S’) be a morphism of o-minimal struc-
tures.
(i) For every S-definable subset X, we have ®(X) =@ <— X = 0o.
(i) For all S-definable subsets X and Y, we have ®(X) C (V) <
XCY.
(#6i) If f: X =Y is a definable function with graph T'¢, then ®(T'y) is the
graph of a definable function from ®(X) to ®(Y).
We denote this function by ®f : X — ®Y. In the remaining items, all
functions are assumed to be definable functions between definable sets.
(w) If f: X =Y is continuous then ®f : 8X — ®Y is continuous.
(v) If X is closed and bounded then ®X is closed and bounded.
(vi) If f: X =Y is injective then ®f is injective.
(vit) If f : X =Y is a homeomorphism then ®f is a homeomorphism.
(vitg) If f : X = Y is an embedding then ® f is an embedding.
(iz) If fr: X1 =Y, ..., fn: X =Y are jointly surjective, then ®fi,
..., ®f, are jointly surjective.
(z) @ preserves identities and composition.
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4.1. Definition. (1) We write D = D(R, S) for the category of definable
sets. More precisely, an object of D is a pair (n, X) where n > 0 and

X is a definable set in R". A morphism of D is a continuous definable
function.

(5) We write P = P(R, S) for the full subcategory of D on the definable

sets which are definably compact (i.e., closed and bounded). We refer
to the objects of P as polytopes.

TIM. PN,U"{,S O}L&-j Je,f-ml,,) comfa.ut IS .'nvar-'an{ under
definable l\ow\eomrrl\(sm
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4.6. Let @ : (R,S) — (R',S’) be a morphism of o-minimal structures. Then
there is a functor

D(R,S) — D(R, S
X — ®(X)
= @(f);

see Lemma 3.6/for more on ®(f). This functor restricts to a functor P(R, S) —
P(R',S’), since ®(X) is a polytope if X is. We call these functors the
associated functors of ®, and denote them also by ®.
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1.1. Theorem (Theorems 11.10 and 11.30). Fiz an o-minimal structure and
let P denote the category of closed and bounded definable sets and continuous
definable functions, equipped with the Grothendieck topology generated by finite
jointly surjective families. Then the geometric realization—Sing adjunction

|—| : sSet & Shv(P) : Sing

induces a model category structure on Shv(P) in which every object is fibrant.
Furthermore, this adjunction becomes a Quillen equivalence.
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