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Monads: a programming view



Monads as bind and return

class Applicative m => Monad (m :: * -> %) where
(>>=) ::ma->(a->mb) ->mb
(>> ::ma->mb->mb
return :: a ->m a
{-# MINIMAL (>>=) #-3}

satisfying:
return a >>= k = ka -- left identity (law 1)
m >>= return = m -- right identity (law 2)
m >>= (\x -> k x >>=h) = (m >= k) >=h -- associative (law 3)

But why bind and return and why these laws?



Monads as fish and eta(return)

Instead of bind and return, we can have fish and eta:
eta + fish = eta(return) + bind = fmap + eta + mu

class Monad m where
>=>) :: (@a->mb) -> (b ->mc) -> (a ->mc)
eta :: a ->ma
satisfying:
eta >=> f = f -- left unit
f >=> eta = £ -- right unit
(f >=> g) >=> h = f >=> (g >=> h) -- associativity

which are the composition and identity (laws) in the Kleisli Category.

An informal definition of Kleisli category: In a Kleisli category (w.r.t an
endofunctor M), the objects are the same but the arrows from A to B are
defined to be arrows from A to MB in the original category:

Homy,,(A, B) := Hom¢(A, MB).



Overview

Monads: an adjunctions view



Adjunctions

Homp(FC, D) = Home(C, GD)



Adjunctions as some level of similarity

Five levels of similarity between categories from weak to strong:
» Existence of functors (F, G)

Existence of adjunctions (F 4 G)

Categorically equivalent (C ~ D)

Categorically isomorphic (C = D)

>
>
>
» |dentical (C = C)



Unit and counit

Homp(FC, D) = Hom¢(C, GD)
If we let C be GD:

FGD GD
€ id
D GD

For each D, we have an arrow ep : FGD — D. We actually have a natural
transformation € : FG = 1p, called the counit of the adjunction. Similarly,
we can let D be FC and have unit n : 1¢ = GF.



Monad arising from adjunctions

Given an adjunction (F, G,€,n):

We have
» an endofunctor T = GF : C — C
» a natural transformation (the unit) n:1c = T

» another natural transformation . : T2 = T where
HUec = G(Epc) : T2C — TC



Monad Laws

Given (T,n, 1), the following diagrams commute:

nT Tn o
T T2 T T3 T2
17 w1t T %
0
T T2 T

We define a monad to be a triple (T, 7, ) satisfying these identities. So
every pair of adunctions F - G gives rise to a monad T = GF. Dually, we
also have a comonad (L = FG,e: L= 1p,0 = FnG : L = L?).



Monad Laws

Given (T,n, 1), the following diagrams commute:

nT Tn puT
T T2 T T3

17 w1t T %

T T2

We define a monad to be a triple (T, 7, ) satisfying these identities. So
every pair of adunctions F - G gives rise to a monad T = GF. Dually, we
also have a comonad (L = FG,e: L= 1p,0 = FnG : L = L?).

So every pair of adjunctions gives a (co)monad. Conversely, every monad
arises from some pair of adjunctions but in more than one way.
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Example: Maybe
Maybe

O/\

Set Set,
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U

The monad Maybe = UF with unit and multiplication:

0-Q FI%

nx: X — T(X) px:T3(X) = T(X)



Example: Lists

List F
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Example: Lists

List

Q/\

Set on

\_/

0]

Given a set X (think of it as a set of alphabets), F gives the free monoid
(M, ) arising from the set X, where M contains all the finite strings and
the multiplication - is just ++.
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Given a set X (think of it as a set of alphabets), F gives the free magmas
(M, -) arising from the set ¥, where M contains all the syntax trees and
the operation - is the action of joining trees at the root.



Example: (Binary) Trees

Tree

O/\

Set Magmas

\_/

U

Given a set X (think of it as a set of alphabets), F gives the free magmas
(M, -) arising from the set ¥, where M contains all the syntax trees and
the operation - is the action of joining trees at the root.

The list is a special case of binary trees when we have the equations
e-x=x-e=xand(a-b)-c=a-(b-c).



An example of comonad: The O in 54

OoX L PX

Iint

Given a topological space (X, OX), int(S) is the largest open subset of
S C X and inc is just the inclusion map.
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An example of comonad: The O in 54

OoX L PX

Iint

Given a topological space (X, OX), int(S) is the largest open subset of
S C X and inc is just the inclusion map.

Recall the axioms (other than K) for S4:
> T:ap—p
> 4. Op— O0Op

The adjunction shows that intuitionistic logic is the ‘interior-stable’
fragment of S4. Or with an epistemic reading, intuitionitic logic is the logic
of verifiable propositions.



Example: The lI-modality in Linear Logic
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M is cartesian monoidal and L is symmetric monoidal.
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A in the linear world.
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Example: The lI-modality in Linear Logic

/\ O
(M, x,T) 1 (L,®,1)
\/
U

M is cartesian monoidal and L is symmetric monoidal.

U forgets the usage restriction while FA gives the duplicable counterpart of
A in the linear world.

The Hompy (A, UB) = Hom,(FA, B) can be interpreted as
A= B=IA—B.

This shows that we can embed intuitionistic logic into linear logic as the
fragment restricted to persistent objects.
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Monads: an algebraic view



Monad as a monoid

Monad is a monoid in the category of endofunctors.
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Monad as a monoid

Monad is a monoid in the category of endofunctors.
The category of endofunctors forms a monoidal category: ([C,C], o, Idc).
A monoid object in the monoidal category is precisely

(T,pu: T? = T,n: Ide — T) satisfying the associativity and unit laws:

nT Tn puT
T T2 T T3

T2

1r H 1r Tu 0

T T2

which are exactly the monad laws we see earlier.
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Bonus: Applicative Functors



Applicative functors as lax closed/monoidal functors

The familiar Haskell definition of applicative functor:

class Functor f => Applicative (f :: * -> %) where
pure :: a -> f a
(<#¥>) :: £ (a->b) ->fa->fb

The definition of lax closed functor:

class Functor f => Closed f where
unit :: £ O
(<¥>) :: £ (a->b) ->fa->fb

The definition of lax monoidal functor:

class Functor f => Monoidal f where
unit :: £ ()
(>%<) :: (f a, £b) > f (a, b)

The three definitions are equivalent in Haskell since Hask is assumed to be
a closed symmetric monoidal category.



Applicative functors as lax closed/monoidal functors

The familiar Haskell definition of applicative functor:

class Functor f => Applicative (f :: * -> %) where
pure :: a -> f a
(<#¥>) :: £ (a->b) ->fa->fb

The definition of lax closed functor:

class Functor f => Closed f where
unit :: £ O
(<¥>) :: £ (a->b) ->fa->fb

The definition of lax monoidal functor:

class Functor f => Monoidal f where
unit :: £ ()
(>%<) :: (f a, £b) > f (a, b)

The three definitions are equivalent in Haskell since Hask is assumed to be
a closed symmetric monoidal category.

The upshot: Applicative functors preserve monoidal structures.
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