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One of the moet jmportant factz :

ke is ’(‘07019?/"""{ over Sets !

Fact 3. Kr is “topological over Sets”,!> meaning, concretely, the following. Given any family of func-

1ons f;: X —Y; (i € I) to Kripke frames (Y}, R;), the relation
wRyv < fi(w)R;fi(v)forallicl, ie Rx= ﬂ(fl-T oR;o fi),

i€l

is the (unique) “initial lift” of { f;};c/, i.e. the relation on X such that, given any function g : Z — X, all
fi o g are monotone from a frame (Z,Ry) iff g is.
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Kripke semantics uses binary relations to interpret unary modal operators. A Kripke frame is a set X
paired with a binary relation R : X - X, and a Kripke model is a Kripke frame (X,R) equipped with an
assignment [—] of subsets [p] C X to propositional variables p. In fact we extend the notation to all
propositions @, so that w € [@] C X means that ¢ is true at w. Now, given a relation R : X + Y, define

two monotone maps Jg,Vg : X — ZY by 3
9r= ot X
Jr(S) ={veY |we S for some w € X such that wRv }, j R -cof' ‘l' X-B
Vr(S)={veY |weSforall we X such that wRv } —_— GIL: V2+

Then, for a relation R : X - X on a set X, Jgi, Vi 1 X — X interpret the “possibility” operator <
and the “necessity” operator O, respectively—i.e.

[Co] = T o], [Be] = Vi [o]. (2)
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Kripke semantics uses binary relations to interpret unary modal operators. A Kripke frame is a set X
paired with a binary relation R : X - X, and a Kripke model is a Kripke frame (X,R) equipped with an
assignment [—] of subsets [p] C X to propositional variables p. In fact we extend the notation to all
propositions @, so that w € [@] C X means that ¢ is true at w. Now, given a relation R : X Y, define

two monotone maps Jg,Vg : X — ZY by 3
9r= Jot (K
Jr(S)={veY |weSforsomew € X such that wRv }, j R -COT ‘l' X_B
Vr(S)={veY |weSforallwe X such that wRv }. ——) gk: v2+

Then, for a relation R : X - X on a set X, Jgi, Vi 1 X — X interpret the “possibility” operator <
and the “necessity” operator O, respectively—i.e.

[Co] = Tk o], [B] = Vi [o]. )
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ke is ’(‘0]’019?/"‘”{ over Sets !

Fact 3. Kr is “topological over Sets”,!> meaning, concretely, the following. Given any family of func-

tions f; : X — Y; (i € I) to Kripke frames (Y}, R;), the relation
WRxv <= fi(w)R;f;(v) forallicl, ie. Rx= ﬂ(ffr oR; o f),

iel

is the (unique) “initial lift” of {f;};c;, i.e. the relation on X such that, given any function g: Z — X, all
fi o g are monotone from a frame (Z,Ry) iff g is.
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Another consequence, more relevant to this article, is that the forgetful functor U : Kr — Sets to
the complete and cocomplete category Sets lifts limits and colimits—meaning that, given any (small)
diagram D in K, its (co)hmlt exists on the (co)limit of U o D in Sets. Most notably,
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We conclude this section with a remark on the significance of using the category Kr. We reviewed

in this section that topological constructions (Subsection 2.4) and their canonical maps play essential
roles in the semantics of PAL and DEL. These constructions take place in Kr as opposed to the category
Krp, and the canonical maps are monotone maps of Kr, and not bounded morphisms of Krg. Indeed, for

DEL to show interesting behaviors, the canonical maps—in particular, px : X @ E — X, which amounts to
i:[o]y < X in the case of PAL—must not be bounded moprphisms. For, if py is a bounded morphism,
then [@]y.p = px ' [@]y for every @ and not just atomic p (this entails [E,e]¢ = Pre(e) = ¢ the same
way as in (26))—this means that no event can teach agents anything. In other words, for events to teach
agents something, they must bring about some change logically, and therefore the maps f representing

them must not have logic-preserving duals f~!.
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Kripke semantics uses binary relations to interpret unary modal operators. A Kripke frame is a set X
paired with a binary relation R : X - X, and a Kripke model is a Kripke frame (X,R) equipped with an
assignment [—] of subsets [p] C X to propositional variables p. In fact we extend the notation to all
propositions @, so that w € [@] C X means that ¢ is true at w. Now, given a relation R : X + Y, define

two monotone maps Jg,Vg : X — ZY by 3
9r= ot X
Jr(S) ={veY |we S for some w € X such that wRv }, j R -cof' ‘l' X-B
Vr(S)={veY |weSforall we X such that wRv } —_— GIL: V2+

Then, for a relation R : X - X on a set X, Jgi, Vi 1 X — X interpret the “possibility” operator <
and the “necessity” operator O, respectively—i.e.

[Co] = T o], [Be] = Vi [o]. (2)
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Fixing any (nonempty) set X, the slice category Sets/X is used to interpret classical first-order logic
as follows. We fix an object 7 : D — X of Sets/X, and a surjection 7 in particular. We then regard X as a
set of worlds and D as a set of individuals. Each individual @ € D is assumed to live in a unique world, viz.
7(a) € X. In this sense we may call 7 a “residence map”. For each world w € X, the fiber D,, = w({w})
is the set of individuals living in w. In fact, for each n € N, the cartesian product D), = D, X --- x D,, is
the set of n-tuples of individuals living in w, and the disjoint union of D}, for all w € X,/i.e. the n-fold
ered product” of D over X,

DSI(: ZDﬁ/:{(ala“'aan)GDX”'XD|n(al):"':n(an)}v
weX

is the set of n-tuples from the same world, with the projection

oDy — X :a— n(a;)

mapping an n-tuple from the same world to that world. (As special cases, Dy = D and D% = X, with
n! =m:D— X and n° = 1y : D — D.) Categorically speaking, this is to take the n-fold pullback of D
over X in Sets, or the n-fold product of 7 in Sets/X.
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for Boolean operators. For quantifiers, take a projection p : D’;(H — DY :: (a,b) — a and let

[x]vy. @] =V,[%y] 0], [x13y-e]=3[xy] o] (30)

the case of n =0 1is just p =7 : D — X. Closely connected to quantification is the substitution of terms:
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Definition 1. A bounded morphism 7 : (D,Rp) — (X,Ry) is called a Kripke sheaf over (X,Ry) if
—_———— (O g
33. aRpbmw and aRpb'ww imply b = b'. That is, (Rp o Rp") N (7' o 1) C 1p.
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We interpret first-order modal logic with 7 and other structure in Kr/(X,Ry). The classical base of E h @( ) Rg’;)

the logic is interpreted with the underlying, non-Kripke structure in Sets/X, just as in Subsection 4.1. .
LD/ (ol The new, modal part is then added to the base using the Kripke structure, as follows: First we require IS ol %‘\\?u

tho ¥ f°

"F Fawme |

that, for each n-ary function symbol f, its interpretation [f] : (D%,Rpy) — (D,Rp) be monotone, so that
all interpretations [ | ] of terms are monotone—i.e., they must be arrows of Kr/(X,Rx). Then w

wn
g [%100] = Ve, [%] 9], [£] 091 =3, [ 0] (34)
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In short, the simple combination of (28)—(32). for classical first-order logic, and (29) and (34), for
propositional modal logic, is made possible by Kripke sheaves and Fact 4. And this simple combination
makes the logic of Kripke-sheaf semantics the simple union of classical first-order logic and modal logic.

Fact 5. Let FOK be the first-order modal logic that consists of all the rules and axioms of classical first-
order logic, and the rules and axioms of propositional modal logic K. Then FOK is sound and complete
with respect to the Kripke-sheaf models. The same holds with S4 (or S5, respectively) in place of K,
with respect to the subclass of Kripke-sheaf models over preorders (or equivalence relations).?
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Now we have two Kripke-sheaf models, (7, [—] ) before update and (xck, [~],.,) after, and we
can use relations between them to interpret the DEL operators [E,¢] and (E,e). Here is a key idea: As in
(35)—(36), each sheaf model has a Kripke model for n-ary properties, D and D ; so we treat D% and
DY as the product-update structure of(Subsection 3.2/that interprets the application of [E, e] and (E,e)
to n-ary formulas-in-contexts. Since [ | Pre(e) ], = (") ~![Pre(e)], observe

Dyor =) [%|Pre(e)], ={(a,e) € Dy x E|a€ [%|Pre(e)], }

ecE

and note the similarity to (22). We moreover have canonical maps as with (22), viz. the projection
pp; : Dyop — DY above and, for each e € E,

e The inclusion map i} : [ | Pre(e) ]|, — D¥.
e The coproduct injection ¢}, : [X | Pre(e) ], — Dy it a— (a,e).
These maps tabulate a relation, R? = g% o i' : D% + DY, which is dual to the two maps
VRg* =Vpno (qg)ilvleg'* =dmo (‘12')71 : P (Dxep) = P (Dy).

These then interpret [E,e] and (E, e) applied to n-ary formulas-in-contexts (x| @), i.e.,

[[X| [E’e](P]]n :va'Jfﬂx| (P]]ﬂXYE’ [[X| <Eve>(p]]7|: = EIRQ,”LIIX| ¢]]an£’

which is just an “in context” version of (24).
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Theorem 4. Let FODEL-K be the first-order modal logic that consists of FOK, all the reduction axioms
of propositional DEL, and (39). Then FODEL-K is sound and complete with respect to the Kripke-sheaf
models with pullback updates. The versions with S4 and S5 in place of K hold with respect to the obvious
subclasses of Kripke-sheaf models.



/jm advantoge QJ& Ca—taagricau( semantics
Inﬁqvaiwm st FOL:

. FoL + ML
Cemantics fn glice ( K
ripbe sombnk;
FO-mL
C Zrtrld—& ske_a_vesj/a Ylu es {292‘(7‘\6/‘ Jocal shruchyrug
\U/\M_t. MPMtQ Wer worlﬂlx LOVS 1 S’b&x‘bi/)
FO-DEL

( nNew S'Iiea-‘! SeMM-i;Cc,g)



TLQ role % V_ (c-ml ‘J-) In A»{-Feren‘l: [&34;5;
lo«f= YrrleD
Listd%Ix=Vi[ D,

[=1vyel=KIx ¢l
[[.;(. \DLP]: VRD:flIX"-P]]
[ x \[E'QJQ]K:VQQ'I'I[)—(“P]]

Ax®c



Cam\cd: X



Vi UIVOV U I VGVLIVD . G UL DY

Semantics of modal logic S4 shows various categorical structures. A Kripke frame (X, ) for S4 is
a preorder, and hence itself a category. Also, the family X of =-upward closed subsets of X forms a
topology on X, and hence a category. Moreover, the interior operation int : #?X — ¢'X of this topology
is right adjoint to the inclusion i : X — Z7X, so that O = i o int is the comonad of the adjunction 26‘ The
notion of (Kripke) sheaf lifts all these structures to the first order: A Kripke sheaf over a preorder (X, 3) is
equivalently a “presheaf” on the category (X, 3), an “étale space” over the space (X, 0X), and a “sheaf”
on the category 0X Jﬂ Moreover, the adjunction i - int is lifted to a “geometric morphism” i* - i, from
Sets /X to the “topos” of sheaves over X, so that its comonad i* o i, induces O : 2D — &D for every
Kripke sheaf 7 : (D, 3,) — (X, j) Not all these categorical structures carry over to the general (i.e.
non-S4) Kripke semantics. It will be interesting, however, to investigate how to integrate them with DEL
updates, given that epistemic relations are normally assumed to be preorders. In fact, given a monotone
map f: (X,3y) — (Y, 3y) of preorders, the pullback functor f* (which plays a key réle in the pullback
update of Subsection 4.3) has a right adjoint f,, and f* - f. is a typical example of geometric morphism,
from the topos of Kripke sheaves over (X, <y) to those over (¥, 3y ).
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A categorical approach that covers the entire Kripke semantics (for static modal logic) is given by
coalgebras (see, e.g., [38, 13, 30, 23]). The category Rel of relations is the “Kleisli category” of the “pow-
erset monad” &2 : Sets — Sets, meaning, among other things, that the relations R : X + Y correspond 1-1
to the functions r : X — 2Y.?° Indeed, the powerset monad is precisely the duality 3_ : Rel - CABA,,
restricted to Sets (and followed by the forgetful U : CABA, — Sets). The correspondence implies that
the Kripke frames (X,R : X -+ X) are exactly the coalgebras r: X — ZX for the endofunctor &. Their
homomorphisms, from ry : X — ZX to ry : Y — £Y, are normally defined as functions f: X — Y sat-
isfying 3¢ o ry = ry o f, which amounts to (10), f o Rx = Ry o f, for the corresponding relations Rx and

Ry. Therefore, in the coalgebraic approach to Kripke semantics, Coalg(4?), the category of coalgebras
and their homomorphisms normally considered, is—Ilike the category CABAQO of CABAOs and their
homomorphisms—equivalent to the category Krg of bounded morphisms. In this article, on the other

hand, we emphasized the significance of the topological category Kr of monotone maps for DEL.*
Thavra hawia in fant haan alaaherain 211 and ~ranlaahevnin [ 14T annrannhac +a MET  Thn nasrticnlar tha
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There have in fact been algebralc [31] and coalgebralc [5 14] approaches to DEL In partlcular the
algebraic approach byfKurziand Palmigiano [31] uses ideas closely related to those in Section 3 of this
article: They observe that the product update X ® E is a subframe of the coproduct X X E =Y g X, and
study the dual structure, i.e. a quotient of the product [I,cp Z(X )E Kurz and Palmigiano are well aware
that these constructions do not take place in Krg or CABAO but rather in Kr and CABAQc. They stop
short, however, of studying Kr or CABAO(, saying that “for these dual characterizations to be defined,
an a priori specification of the fully fledged category-theoretic environment in which these constructions
are taken is actually not needed” ([31], 2). We, in contrast, work under the philosophy that, when one
finds a good heuritstics that leads to a new result, they should study the heuritstics itself and shape it
into a theory that yields more results systematically. The point of Section 4/ was to demonstrate how to
put to use more structures in Kr. It should also be stressed that we use one more category, viz. Rel, and
take essential advantage of the fundamental relation-modality dualities of and not just
the derivative dualities of Subsection 2.3/ between Kripke frames and CABAOs.
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Our new application of the categorical methodology promises to be helpful on multiple fronts of

. the study of DEL. Naturally expected future work is to extend our approach to more vocabulary (e.g.
common knowledge or p-calculus), more types of logic (e.g. higher-order DEL or typed DEL), more
structures (e.g. probability), and more general settings (e.g. intuitionistic or constructive modal logic).

Various updates can be expressed as functors between categories of models, and these expressions are
. expected to help characterize properties of updates such as the preservation of constructions or the ad-
mitting of reduction axioms. As mentioned in Section 5, the case of S4 can be formulated in terms of
toposes. Or our structural, topological ideas on the category Kr of monotone maps for DEL can be used

0 augment the coalgebraic generalization of the subcategory Krg of bounded morphisms. One may also
find, e.g., (39) too strong for their purpose, and hence need to replace the pullback update with a more
flexible idea.\Furthermore, although we formulated a categorical semantics, we did not mention a crucial

?X (/A.s aspect of cate§orical logic—viz. an interpretation [—] as a homomorphism. To cover this aspect we need

& ) to define a “syjtactic category” for DEL; this will then lead to a new theory of duality.
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One consequence of Kr, or a subcategory such as Preord, being topological over Sets is that it also
has “final lifts”, dual to initial lifts of Fact 3. E.g., given a family of preorders (X,Ry) (& € A) on the

same set X, such as “epistemic” relations R, of agents & € A, consider an A-indexed family of identity
maps {lx }qea in Sets; then its final lift in Preord comes with the epistemic relation for the “common
knowledge” of the group A, i.e. (Ug Ra)*-

Another consequence, more relevant to this' iclekis %mt the forgetful functor U : Kr — Sets to
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