
categoriesforzudET.cc
out :

. Recast the semantics of DEL in categorical terms .
public announcements ~ submodel

Benefits : Product updates - produces
s

• Reveal the structural unity behind
( the notion of common knowledge , product update, etc

.

is not anarbitrary or ad hoc construction since they are categoricallycanonical in some sense )
. Smooth integration with other logic
( e.g . Fo-DEL )



One of the most important facts :

Kr is topological over sets µ

um



Questions
Recap



Questions & A quick recap
• Do we have to mention the duality results Rel- CABAs

,

Kr - CABAds ?

• What do we need Rel for ? Why don't we jump
straight into Kr ?

• What do we need tabulations for ?

• Why do we need monotone but not bounded morphisms
for dynamic updates ?



• Do we have to mention the duality results Rd- CABAs
,

Kr - CABAds ?

not really .

It is not takincatty necessary but gives us
a bigger picture of the categorical/algebraic duality theory .



• What do we need Rel for ? Why don't we jump
straight into Kr ?

R p
this generalization gives us frit, Fat

( see public announcement)

Rel is . Single @Steel models
Y

ffmonoeenelbounded)
Kr .- a multiple& Dynamic Models

HRH ( Y
, Ry) ( model updates)



• What do we need tabulations for ?

In Kripke semantics . we use relations to interpret
medal operators :

→ r
= Frt

→ Dpe fr+
for R : XXX



But in Kr
.

R
(X. Rx )→ LY, Ry)

R is not a morphism .
But we may need to useR for

defining dynamic operators as across-model modalities (see later) .
R

µ ¥ R = rzorit
X Y



But does such (R , Rr) exist ?

(R .Rr)
←¥3. gives us a canonical construction ofRr .

µ ¥ R = raorit

X. Rx) (Y, Ry)

V-Rt
= Vr

,

o ri
'

.
Frt = Fr

,

o ri
'

( see the event update example
for a real use )



FE

-
X E -- Eee. There④ Dx XIE

E

iii.man. ÷. .
Elfriede TX

Rx E is the initial liftoff and 1¥? CE ie ]4Dx= fret -4431 xaE

Tabulation : Re = geo jet
ICE

,
e> UH = Fret BUD x E



• Why do we need monotone but not bounded morphisms
for dynamic updates ?

Monotone i

fo Rx E Ry of The agent cannot

(wR×v ⇒ few ) Ry ft) ) Tin know
'

!

"

mutinies::*!
×After Before

update update



Bounded morphisms imply that no event can teach agents
anything ( see the event update example later )

.

H
Tx is bounded

⇒ TheBraeTI E 91× for every y

⇒ [E,e) 4 =pre ⇒ y
Cihchiding medal formulas !)
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. Recast the semantics of DEL in categorical terms .
public announcements ~ submodel

Benefits : Product updates - produces
s

• Reveal the structural unity behind
( the notion of common knowledge , product update, etc
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is not anarbitrary or ad hoc construction since they are categoricallycanonical in some sense )
. Smooth integration with other logic
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- categorical Look at ML

- Categorical look at DEL

- Application : combine FOL andDEL



A categorical look at Kripke semantics

The category of relations Objects :
gets

↳ R Ly

q→ De Morphism
elation ,X Y Rexx 's

# Composition :

Rt
y

'Ii z

tf w RaeR . U

iff F v EY s.-1
.

WR , v R2 U
.



Facts :

Examples : . Rel is a dagger eat

• reflexivity of R : XXX . Rel is a higher cat

2x E R . Sets is a sub cat of Rel
• transitivity of R :XXX . REXXY can be tabulated

RoRE R in Sets
REHY

r, r2# to
Y

S-E . R =for , t



Relation -Modality duality

→ DE Frt

→ Dpe free
for R : XXX

for every R , we have an adjunction :

FR

→

TX£ BY ie . Fr ES, iff S , EARTH)
Vrt (also Fret HR via Rt )



join- preserving CABAV

(
TX REM

u

FR ,EFRs

It !!t⇐¥÷ :*:} .⇒ .meet- preserving

TX Rien ⇒ R

Vii# tuff )
⇒ Hatta .

Ma#
or

⇐ FREYRE
11 11

v

g y
CABAN BR BR ,



Examples of correspondence results

• R is refl iff Ix E R iff DRE Ipx

II
DU t 4

.

. R is trans iff RORER iff DRE DroDr

II
DADDY

.



Categories of Kripke Frames
dual

#Rx) monotonemat
Rel ⇒ CABA,

X → 3*1

#
preserves

relations :

wRxv⇒fhRyf9
.

R ↳ Or
← Ctr-ul II

(Y
, Ry )

also (bath) condition ✓

I kr IT CABAOS

IKI Ikari HR) ↳ CNN.ch )



Kr is topological over sets µ

f.

(X, RI N
the largestGooiest relation

£
.
.

I preserved by all fi .

(Yi , Ri) ( Yn . Rn )



Moreover .

• Initial lifts preserve refl ,trans. symm . . .

⇒ suburb like Beard , Equiv are initially closed .

⇒ They are also topological over Sets .

e.g .inclusion functors

have left adjoint : Kr
→ Pre and
F

kik) ↳ CX
.
Rt)



Also final lifts :

e. g .

CX
,

R"@ Re)
*

¥ so common knowledge is no

HRi)--(X, ad hoc construction !

In Trenord



We only need to look at 6) limits in Sets !

÷Dii÷



Examples . Aiesec Yi )
T A shies HitoRio Pi)
(X,I ) RI r

the largestGooiest relation
%

.

In preserved by all fi .

(
'4. Ri) ( Yn . Rn )
-

'÷÷÷÷*÷÷÷÷÷÷.So we are not working
in Krg .



Second part



SomanticsofDEL@pALfrrsti.unaryoperatersi.E
0 ! ]

,
co !>

[0 ! I 4

b
Q will be the case after o is publicly and truthfully announced.

(observed)



PAL



A Public announcement of o
The reduction axioms follow !

(X. Rx
,
-47×1

EEG !34Dx=Kik4Ds
.

(WEE -16 !]# iff refolds whenever Viw)
S - TEDx

Eo⇒9B×=tioi" INK
.

6. Ks ) (X.Rx) At atoms level
. we have

ENs=i" EPI

So we get the reduction axiom :

Theo :3 #×=k6⇒N×



Another reduction axiom :

The dual of Rso it ⇒ itor, oi o it

I

V-iottrstTLUDs-V-ioi-to-VRE.fi IceDs
l l

l l

TLE !] DOD× Is⇒ D [o !36¥
Remark

[6 !] ~ Ki similar to Dr Hrt but RAL (DEL)
generalizes Kripke semantics by using Etsy between different
Kripke models to interpret modal operators.



DEL



Event update :

Epistemic model: (x , Rx ) with TL Tre DxEX for fee E
.

Event model : ( E. RE)

X ⑧E -- Eee three Dx
-

- few, et eXx't tweeze A}



FE

-
X ⑧E -- Eee TL PreK Dx it xx

,
E E

iii.a. ÷. .
I treeDlx is X

R
×•E is the initial lift of A and He

.

Tabulation : Re -- Eee i et



Similar as before :

TL C E
,
e ] 4DX = VRet TheD x ar E

E L E
,
e> UD× = Fret E UD X orE

and the reduction axioms follow due to some duality .



Example : IX. Rx ) R A

ICE,e7Db⑥atvDaY)Dx D?
Wz

= fret -kDb④aYDa' HE
( E.RElg§←→0e?a= tret ( VR

,!I←eEDaNDaYIxae )
= {4. et) treeing pre@=pV-retCV-rs.ae

. track H
✓ VaE¥lTLI×ae)¥!q

,}
→ : a's relation

=VRet( R A → :b 's relation

reieekfI.E.fff.I.ei.im#1G0e-sO2=V-Retfcu..e
. )
, cnn.eu} Wires wr.eu

= { w. ,wr}



Some remarks :

Related to two previous questions .



• Why do we need monotone but not bounded morphisms
for dynamic updates ?

Monotone i

fo Rx E Ry of The agent cannot

(wR×v ⇒ flu , Ry ft) ) Tin know
'

!

Bounded H
fionic :÷:*

.,
too strict

After BeforeX
update update



Bounded morphisms imply that no event can teach agents
anything ( see the event update example later )

.

H
Tx is bounded

⇒ TheBraeTI E 91× for every y

⇒ [E,e) 4 =pre ⇒ y
Cihchiding medal formulas !)



• What do we need tabulations for ?

In Kripke semantics . we use relations to interpret
medal operators :

→ r
= Frt

→ Dpe fr+
for R : XXX



But in Kr
.

R
(X , Rx )→ LY, Ry)

R is not a morphism .
But we may need to useR for

defining dynamic operators as across-model modalities
.

R

µ ¥ R = reor
,
t

X Y



But does such (R , Rr) exist ?

(R .Rr)
←¥3. gives us a canonical construction ofRr .

µ ¥ R = raorit

X. Rx) (Y, Ry)

V-Rt
= Vr

,

o ri
'

.
Frt = Fr

,

o ri
'

( see the event update example
for a real use )



FE

-
X E -- Eee. There④ Dx XIE

E

iii.man. ÷. .
Elfriede TX

Rx E is the initial liftoff and 1¥? CE ie ]4Dx= fret -4431 xaE

Tabulation : Re = geo jet
ICE

,
e> UH = Fret BUD x E



Applications



Applications :

Integration with FOL :

FOL t ML

( semantics in slice ( Kripke semantics)
category Seth) I

FO - ML
→ glues together local structures( Kripke sheave) over worlds consistently① t update

FO - DEL

( new sheaf semantics)



semantics fr Foh "

a. am÷÷:÷i÷ . .

.

draw

t
.

Set of worlds



pj ={
la ' .
A)

,
@ ' cha ) ,Xi ,bi) -

-
. }

but Ca . . bi ) as they are in differentworlds .

[



Quantifiers :

Example : 4-

XHy.scx.yjf-kp-lx.is/Sse.yiD--V-pLca.aD.lb..b
. )): = am:* .

→ : SG , -1 bib , b ,

p



f-0mL a Rob ⇒ a Rxalb)Kripke -sheaf semanticst-tw.ru
.⇒ Kaew ,

-

-1
Fb .aRob

.

facet of
individuals % Q z

LD , , Ros. ) (Dr ,R%) aai-s.ba

(X. Rx ) w -

T
set of

worlds
→ : Rg

Rr → : R.



Modalities :

Each @I. Ran)

then- fold
is a Kripke

fibered product ← frame .

of D
W
q f

over X (Dx ) then- fold
↳ pullback of D " ""

÷::
:

""

N

V

C. Rx)



Example :

X -_ {w. .W2
,
Ws )

D= fa.a.be.k.a.ci
-a

→ i. Rx worlds relation

→ iris epistemic relation §¥z→ : St . - I

I
• CL

↳



Example I :
ff ED#PAID

' tr .EE#p.x
-a

=

ftp.tfhfxp#D=V-R+tofEx/PKlD*.:id=rr*EEi:a,Ha = V-rxtswa.ws}
wz = { w.

. Wa }



Example 2 :

A la . .HR#bi.klTx/V-yGScx.ygI
" """"' 'D

-a =

V-potrpizikt.is/Scx.yDl--V-poFRqiflb..bD.k..aD
"""

Iie:::p .
""

;Ha ,
Cc . .ca)

"
3

= { a , }



7
,
A , V

term-substitution

F , V
D, D

q r
- -



An advantage of categorical semantics ?

FOL t ML

( semantics in slice ( Kripke semantics)
category Seth) I

FO - ML
→ glues together local structures( Kripke sheaves) over worlds consistently



An advantage of categorical semantics ?

Integration with FOL :

FOL t ML

( semantics in slice ( Kripke semantics)
category Seth) I

FO - ML
→ glues together local structures( Kripke sheaves) over worlds consistently① t update

FO - DEL

( new sheaf semantics)



FE

-
X ⑧E -- Eee TL PreK Dx it xx

,
E E

iii.a. ÷. .
I treeDlx is X

R
×•E is the initial lift of A and He

.

Tabulation : Re -- Eee i et



product update
DinoE
→ Dm

tf
in DEL x

y
Pullback update ¥D×noE→ DIinfo-DEL

*€
¥4,4

9× :X E → X
FO-DEL← FO-ML

gives us a pullback functor At

I* : Krk →Kifxoz
.

(Kore .

↳e)← (a. E-Da)
Another Kripke-sheaf. A Kripke - sheaf
model model



Pet
'

Dfae -- Eee Thi IrreQDDE¥i¥
i
::*.

x:
n v

TLElfriede DI

Tabulation : RE = q en eine'



Event modalities :



¥14
a#Felty Das a before update

÷,⑧ e .

I
fprece . )"¥÷.

→ ; Ry • a

→ : Rp
w3

→ : Re → : SC- , - I f- prefer )



Ex ICE,eItyDaSCxyDa
'

'

- V-reYkxltybascx.yba.ae
.

f
'

=V-renfoV-pfx.us/DaSHNDaxo.e#.ei--V-reYoV-poV-rapi:#Hs""H*
.×

.

P 2

④e.

' V'REYVTN-ra.iidikb.k.ei.ca.a.ee
→ : Rx

ace ,e,
' Khaled 's)

→ : Rp
= . .

.

→ : RE → : see , - ,
↳ see



DIE Fa.int DIE Ex / EE,etty Dash,yDla
✓ a , a,

e ,
⑤Ea

, a,
e ,

✓ Al are , Al are , = -

- u

a.ae#aa.ed.=VreYo4N-raiiiiiKHn.e?k:.::9en
,s:÷÷i÷¥¥:÷:s÷÷i:c:c.si?...................✓ C , Cz ez ez

✓ GC , ez GC , ez Tv
✓ czczez Cc Cc ez Re" = Eenoiet :DIBDIq
TF = { a . . b . . c . . a.d . }

X Az- are ,
bi- b.e . ✓
ca- c.err a.EEx/[E.e.) Vy Das Dla
(z - Creer ✓
d , after update
Dx

' ← Rd! DEE



p Ext EE,eIKyDaSCxyDla
(

= -

- u

. Hrithik.in#kH..e.!c::.::epe
,"

E
'

= TREY offs ' )

'§
.

.ie
.

= .VE#iitCHa..eHlb..eHk..ed.ca.e.,y,
Ren -_ qneoiet :DI→D×Ie*

→ ;R×

= { a. b . . c . . a.d . }
a CL

,
@2

→ : Rp a.EE/EE.e.JV-yDaSHMtDaW3,ez
→ : Re → : so , -1 after update



The usual reduction axioms and

[E. e) V-y.cl = V-y.EE ,e] 4
are validate .



An advantage of categorical semantics ?

Integration with FOL :

FOL t ML

( semantics in slice ( Kripke semantics)
category Seth) I

FO - ML
→ glues together local structures( Kripke sheaves) over worlds consistently① t update

FO - DEL

( new sheaf semantics)



The role of K (and I . ) in different logics :

④ 4¥ tricky

ECG ! ] 4Th = -Vi[41 s

IIE ,
e]9Dx= fret The#E

E Etty . cell -- KAI , 91931
TLE liveD= Frau Ethel
TL I I [ E.e) 9Da=V-Rent -451431awe



Connections









future Work



Those mentioned by the author :

o

:

at as
T

-

a map of

E.poses
"

of

°

[Ete] V-y.ce-a-V-y.EE ,e) 4
Kripke sheaves



And more - -
-

jnseify some
,

notions from a categorical perspective

• Two way search :
① explore new notions

in DEL by looking at interesting categorical

⑥ YETI:{
"

ftp..cat constitutions do existing DEL notions arraignedEEE ix. it
① a

→
what about initial life ? Y, R#¥2

,
)¥

,Rc )• Action Emulation (Malvin )

•

DEL Allegories & tabulations ( Benno )
o formalization of categorical semantics in Lean ?

• Giving a unified semantics for SMCDEL?



Integration with FOL :Thanks ! - -

-

can.¥% ..
-1

c.i.m.in,
I
.

category Seth) If

f,

# *
the lages-ycoasestrecaf.vn set of -aids

FO- ML

( Kripke shea*→ Shies together local structures

%
-

I Preserved by all fi .

① + update
over worlds consistently

FO - DEL

(
'4. Ri) ( Yn, Rn ) #

( new sheaf semantics)

xoxf-EE.EE/PrecelDxi-XxgE
E Amore

→ DE
O- O w
e ' "

cagey;/Ia ' ioe- Di
④ A Kerem⇒ I ride

¥41
-¥0 ④of frigg

R FO-DEL
←q*

Fo-ML

eea.se#=r-iaex .
e ' Gore .EE#-ca.e-aa1

?
' Another Kripke-sheaf A Kripke - sheaf

,
f- free . ) model model"¥÷.eu#ei::::.t::.::i::

→ irx ' a TLEIDUD = Fran.iIIl4D "
→ : Rp

wz
G.ee

→ : Re → : so- i - I terete. ) II /[ E.e) 9 ]la=V-rent -4516Pa, ⇐

→ " R' Haier
→ : Rp

→ : RE → : so ,
- ,
↳ see


