
Goal :
↳egoriesforp⇐€

. Recast the semantics of DEL in categorical terms .
public announcements n pullbacks

Benefits : Product updates - products

• Reveal the structural unity behind
( the notion of common knowledge , product update, etc

.

is not anarbitrary or ad hoc construction since they are categoricallycanonical in some sense )
. Smooth integration with other logic
( e.g . Fo-DEL )



- categorical Look at ML

- Categorical look at DEL

- Application : combine FOL andDEL



A categorical look at Kripke semantics

The category of relations Objects :
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Facts :

Examples : . Rel is a dagger eat

• reflexivity of R : XXX . Rel is a higher cat

2x E R . Sets is a sub cat of Rel
• transitivity of R :XXX . REXXY can be tabulated

RoRE R in Sets
REHY

r, r2# to
Y

S-E . R =for , t



Relation -Modality duality
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→ Dpe free
for R : XXX

for every R , we have an adjunction :
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Examples of correspondence results

• R is refl iff Ix E R iff DRE Ipx

II
DU t 4

.

. R is trans iff RORER iff DRE DroDr
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.



Categories of Kripke Frames
dual

#Rx) monotonemat
Rel ⇒ CABA,

X → 3*1
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also (bath) condition ✓
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Kr is topological over sets µ

f.

(X, RI N
the largestGooiest relation

£
.
.

I preserved by all fi .

(Yi , Ri) ( Yn . Rn )



Moreover .

• Initial lifts preserve refl ,trans. symm . . .

⇒ suburb like Beard , Equiv are initially closed .

⇒ They are also topological over Sets .

e.g .inclusion functors

have left adjoint : Kr
→ Pre and
F

kik) ↳ CX
.
Rt)



Also final lifts :

e. g .

CX
,

R"@ Re)
*

¥ so common knowledge is no

HRi)--(X, ad hoc construction !

In Trenord



We only need to look at 6) limits in Sets !
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Examples . Aiesec Yi )
T A shies HitoRio Pi)
(X,I ) Rt r

the largestGooiest relation
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In preserved by all fi .

(
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'÷÷÷÷*÷÷÷÷÷÷÷tSo we are working in Krg .



SomanticsofDEL@pALfrrsti.unaryoperatersi.E
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Q will be the case after o is publicly and truthfully announced.

(observed)



A Public announcement of o
The reduction axioms follow !

(X. Rx
,
-47×1

EEG !34Dx=Kik4Ds
.

(WEE -16 !]# iff refolds whenever Viw)
S - TEDx

Eo⇒9B×=tioi" INK
.

6. Ks ) (X.Rx) At atoms level
. we have

ENs=i" EPI

So we get the reduction axiom :

Theo :3 #×=k6⇒N×



Another reduction axiom :

The dual of Rso it ⇒ itor, oi o it

I
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TLE !] DOD× Is⇒ D [o !36¥
Remark

[6 !] ~ Ki similar to Dr Hrt but RAL (DEL)
generalizes Kripke semantics by using Etsy between different
Kripke models to interpret modal operators.



Event update :

Epistemic model: (x , Rx ) with TL Tre DxEX for fee E
.

Event model : ( E. RE)

X ⑧E -- Eee three Dx
-

- few, et eXx't tweeze A}
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×•E is the initial lift of A and He

.



Similar as before :

TL C E
,
e ] 4DX = VRet TheD x ar E

E L E
,
e> UD× = Fret E UD X orE

and the reduction axioms follow due to some duality .



Some remarks :



Applications :

Integration with FOL Ca sketch:

FOL t ML

( semantics in slice ( Kripke semantics)
category Seth) I

FO - ML
→ glues together local structures( Kripke sheave) over worlds consistently① t update

FO - DEL

( new sheaf semantics)



Potential future work :

o

• Use category theory to trace backward in the search for
new and meaningful Instructions .

(×
,
± ,

•

→
what about initial lift ? Y, R#¥2

,
)¥

,Rc )•

o formalization of categorical semantics in Lean ?
• Giving a unified semantics for SMCDEL?


