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Kripke semantics uses binary relations to interpret unary modal operators. A Kripke frame is a set X
paired with a binary relation R : X - X, and a Kripke model is a Kripke frame (X,R) equipped with an
assignment [—] of subsets [p] C X to propositional variables p. In fact we extend the notation to all
propositions @, so that w € [@] C X means that ¢ is true at w. Now, given a relation R : X Y, define

two monotone maps Jg,Vg : X — ZY by 3
9r= Jot (K
Jr(S)={veY |weSforsomew € X such that wRv }, j R -COT ‘l' X_B
Vr(S)={veY |weSforallwe X such that wRv }. ——) gk: v2+

Then, for a relation R : X - X on a set X, Jgi, Vi 1 X — X interpret the “possibility” operator <
and the “necessity” operator O, respectively—i.e.

[Co] = Tk o], [B] = Vi [o]. )

For ey R, we lf\ﬂwe o apbpnetion
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ke is ’(‘0]’019?/"‘”{ over Sets !

Fact 3. Kr is “topological over Sets”,!> meaning, concretely, the following. Given any family of func-

tions f; : X — Y; (i € I) to Kripke frames (Y}, R;), the relation
WRxv <= fi(w)R;f;(v) forallicl, ie. Rx= ﬂ(ffr oR; o f),

iel

is the (unique) “initial lift” of {f;};c;, i.e. the relation on X such that, given any function g: Z — X, all
fi o g are monotone from a frame (Z,Ry) iff g is.
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Another consequence, more relevant to this article, is that the forgetful functor U : Kr — Sets to
the complete and cocomplete category Sets lifts limits and colimits—meaning that, given any (small)
diagram D in K, its (co)hmlt exists on the (co)limit of U o D in Sets. Most notably,

~ ~ . ~ Ty oo ~ /7y ™\ s W .. 1 P 7 /xr ™ N\ . 1T~

-

U /\
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(X)Rx, I Iy ) L Te!1¢Tx=V. LY.
(weL CelJ 0D, 4 ve[@D whenever Viw)
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So we et the reduction axiom:
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Epistemic model: (x,Rx) wth LWel)D cXforVocE
Event model: (E.R5)

xog= 2 Lre® =0 Xk [welpee], ]
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We conclude this section with a remark on the significance of using the category Kr. We reviewed
in this section that topological constructions (Subsection 2.4) and their canonical maps play essential
roles in the semantics of PAL and DEL. These constructions take place in Kr as opposed to the category
Krp, and the canonical maps are monotone maps of Kr, and not bounded morphisms of Krg. Indeed, for

DEL to show interesting behaviors, the canonical maps—in particular, py : X ® E — X, which amounts to
i:[o]y < X in the case of PAL—must not be bounded moprphisms. For, if py is a bounded morphism,
then [@]y.r = px~'[@]y for every ¢ and not just atomic p (this entails [E,e]@ = Pre(e) = ¢ the same
way as in (26))—this means that no event can teach agents anything. In other words, for events to teach
agents something, they must bring about some change logically, and therefore the maps f representing
them must not have logic-preserving duals f~!.
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Our new application of the categorical methodology promises to be helpful on multiple fronts of

. the study of DEL. Naturally expected future work is to extend our approach to more vocabulary (e.g.
common knowledge or p-calculus), more types of logic (e.g. higher-order DEL or typed DEL), more
structures (e g. probablhty) and more general settings (e.g. lntLIlthIllSth or constructlve modal logic).
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Kripke frame (X,R) to (X,R*), where R* is the reflexive and transitive closure of R.
One consequence of Kr, or a subcategory such as Preord, being topological over Sets is that it also
has “final lifts”, dual to initial lifts of Fact 3. E.g., given a family of preorders (X,R¢) (& € A) on the

' same set X, such as “epistemic” relations Ry of agents o € A, consider an A-indexed family of identity
maps {lx }aea in Sets; then its final lift in Preord comes with the epistemic relation for the “common
knowledge” of the group A, i.e. (Uy Ra ”’\1

Another consequence, more relevant to this\ticle, is that the forgetful functor U : Kr — Sets to

whet about inttia| Lift?
algebraic approach by Kurz and Palmigiano [31] uses ideas closely related to those in Section 3 of this / Q O\) k] Qb) CX

article: They observe that the product update X ® E is a subframe of the coproduct X x E =Y ¢ X, and
e study the dual structure, i.e. a quotient of the product [,z Z2(X).?! Kurz and Palmigiano are well aware
that these constructions do not take place in Krg or CABAO but rather in Kr and CABAOc¢. They stop
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